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Abstract
Let
n = 2−2n
(
2n
n
)
(0n ∈ Z)
be the normalized binomial mid-coefﬁcient and let
Mt(x, y) =
(
xt + yt
2
)1/t
(t = 0), M0(x, y) = √xy
be the power mean of order t of x, y > 0. Furthermore, let k, l = 0 and p, q, r, s0 be integers.
We prove: if k = l, then the equation
Mk(p,q) = Ml(r ,s ), (0.1)
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only has the solutions (p, q) = (r, s) and (p, q) = (s, r). And, if k = l, then (0.1) holds if
and only if p = q = r = s. This complements a result of Bang and Fuglede, who studied the
equation for k = l = 0.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
The normalized binomial mid-coefﬁcient is deﬁned for all non-negative integers n
by
n = 2−2n
(
2n
n
)
= 1 · 3 · 5 · · · · · (2n − 1)
2 · 4 · 6 · · · · · (2n) .
This coefﬁcient can be expressed in terms of Euler’s gamma function:
n =
(n + 1/2)√
(n + 1) ,
so that Stirling’s formula leads to
n ∼
1√
n
.
More precisely, we have the estimates
1√
(n + 1/)n <
1√
(n + 1/4) (n = 0, 1, 2, . . .),
where the constants 1/ and 1/4 are best possible. Proofs for these and other inequal-
ities for n can be found in [8–11].
There is a close connection between n and Gauss’ hypergeometric function. Indeed,
we have
1/2n = n 2F1(−1/2,−1/2; n; 1);
see [5] for references and historical remarks. The integral representation
n =
1

∫ ∞
0
e−nt dt√
et − 1 ,
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see [7, p. 118], reveals that the sequence {n}∞n=0 is completely monotonic. This means
that we have
(−1)kkn0 (k, n = 0, 1, 2, . . .),
where
0n = n and kn = k−1n+1 − k−1n (n = 0, 1, . . . ; k = 1, 2, . . .);
see [12, Theorem 11d, p. 158; Theorem 12a, p. 160]. In particular, {n}∞n=0 is strictly
decreasing and strictly convex.
In 1990, Bang and Fuglede [1] studied the diophantine equation
pq = rs (0p, q, r, s ∈ Z). (1.1)
They proved that (1.1) only has the trivial solutions (p, q) = (r, s) and (p, q) = (s, r).
The authors were inspired by the fact that the numbers pq (p, q = 0, 1, 2, . . . ; pq)
are the eigenvalues of Liouville’s integral operator for the case of a planar circular disc
of radius 1 lying in R3; see [2,3].
Let t be a real number. The (unweighted) power mean of order t of the positive real
numbers x1, . . . , xn is deﬁned by
Mt(x1, . . . , xn) =
⎛
⎝1
n
n∑
j=1
xtj
⎞
⎠
1/t
(t = 0),
M0(x1, . . . , xn) = lim
t→0 Mt(x1, . . . , xn) =
⎛
⎝ n∏
j=1
xj
⎞
⎠
1/n
.
For r = 1, 0,−1 we obtain the classical mean values: the arithmetic, geometric, and
harmonic means. The most interesting properties of power means are collected in the
monograph [4, Chapter III]. Using this notation we can write (1.1) as
M0(p, q) = M0(r , s). (1.2)
In view of (1.2) it is natural to ask for all solutions of the more general equation
Mk(p, q) = Ml(r , s) (k, l ∈ Z). (1.3)
It is the aim of this note to solve this problem for all integers k, l = 0. Moreover,
we study equations which are closesly related to (1.3) and we present some open
problems.
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We remark that the binomial mid-coefﬁcient
(2n
n
)
has been the subject of intensive
number theoretic research; see [6, Chapters XII.4 and XII.5] and the references therein.
2. Main result
We denote by Q∗ the set of all rational numbers p, which can be written as p = a/b,
where a, b are odd and relatively prime integers. The following simple properties hold:
Every  ∈ Q − {0} has a unique decomposition
 = 2h()0,
where h() ∈ Z and 0 ∈ Q∗.
For ,  ∈ Q − {0}, we have
h(−) = h(), (2.1)
h() = h() + h(), (2.2)
h(+ ) min(h(), h()), (2.3)
where the sign of equality holds if h() = h().
Let n1 be an integer. Using (2.2) yields
h(n) = −n −
n∑
j=1
h(j).
Thus,
h(n) − h(n−1) = −1 − h(n) < 0. (2.4)
We are now in a position to prove our main result.
Theorem. Let k, l = 0 and p, q, r, s0 be integers. If k = l, then the equation
Mk(p, q) = Ml(r , s) (2.5)
only has the trivial solutions (p, q) = (r, s) and (p, q) = (s, r). And, if k = l, then
(2.5) holds if and only if p = q = r = s.
Proof. We consider two cases.
Case 1: k = l.
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Let (2.5) hold with (p, q) = (r, s) and (p, q) = (s, r). We may assume that 0p <
rs < q. Furthermore, we suppose that k > 0 (the case k < 0 is similar). From (2.2)
we obtain h(kn) = kh(n), so that (2.4) leads to
h(kp) > h(
k
r )h(ks ) > h(kq). (2.6)
Using (2.1), (2.3), and (2.6) we get
h(kp − kr ) min(h(kp), h(kr )) = h(kr )
and
h(kp − kr − ks ) min(h(kp − kr ), h(ks )) min(h(kr ), h(ks )) = h(ks ) > h(−kq).
This contradicts (2.5) written in the equivalent form kp − kr − ks = −kq . Hence, if
k = l, then (2.5) holds only if p = r , q = s or p = s, q = r .
Case 2: k = l.
Let (2.5) be valid with pq and rs. If p = q, then
Mk(p, p) = Ml(p, p) = Ml(r , s).
This gives p = r = s. Similarly, if r = s, then we conclude p = q = r . Next, let
p > q and r > s. Then we conclude from
(kp + kq)l2k−l = (lr + ls )k
that
l min(kh(p), kh(q)) + k − l = k min(lh(r ), lh(s)).
This implies that k divides l and l divides k. Hence, k = −l. We obtain
p < M−l (p, q) < q and r < Ml(r , s) < s .
Thus, p < s and r < q . This yields p > s and r > q. Since
4 = (−lp + −lq )(lr + ls ),
we get
2 = min(−lh(p),−lh(q)) + min(lh(r ), lh(s)). (2.7)
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If l > 0, then (2.7) gives
2 = l(−h(q) + h(r )) < 0.
And, if l < 0, then
2 = −l(h(p) − h(s)) < 0.
Hence, if k = l, then (2.5) holds only if p = q = r = s. 
3. Further results and open problems
The Corollary in [1] states that the equation pq = r has no solution with p > 0,
q > 0. The following additive counterpart is valid.
Proposition 1. Let k = 0 and p, q, r0 be integers. The equation
kp + kq = kr
only has the trivial solutions (k, p, q, r) = (1, 1, 1, 0) and (k, p, q, r) = (−1, 0, 0, 1).
Proof. Let pq. It sufﬁces to assume that k > 0. The case k < 0 is similar. Since
kr > 
k
q , we get q > r . Using (2.4) we obtain
h(kr ) > h(
k
q)h(kp). (3.1)
From (2.1), (2.3), and (3.1) we conclude
h(kq − kr ) min(h(kq), h(kr )) = h(kq)h(kp) = h(kq − kr ).
Thus, h(p) = h(q), which implies p = q. We have
kh(r ) = h(kr ) = h(2kq) = 1 + kh(q).
Hence, k divides 1, so that we get k = 1 and
1r =
1
2
r = q . (3.2)
This contradicts the Corollary in [1] unless r = 0. Since n1 = 1/2 for n1, we
conclude from p + q = 1 that p = q = 1. 
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Remarks. (1) In the preceding proof we have applied a result from [1] to show that
(3.2) implies r = 0. It is also clear directly that (2.4) and (3.2) lead to
1
2
= q
r
=
q−r∏
j=1
r+j
r+j−1
(3.3)
and
−1 = h(1/2) = h
⎛
⎝q−r∏
j=1
r+j
r+j−1
⎞
⎠ = r − q −
q−r∑
j=1
h(r + j)r − q − 1.
This yields q = r + 1, so that (3.3) gives r = 0.
(2) Another equation with three normalized binomial mid-coefﬁcients is
Mk(p, q) = r (k ∈ Z). (3.4)
We have Mk(r , r ) = r , so that the solutions of (1.1) and (2.5) reveal: the Eq. (3.4)
holds if and only if p = q = r .
The technique we have applied to prove the Theorem can also be used to study the
equation of power means of triples of n’s. In the case of arithmetic means there exists
a non-trivial solution.
Proposition 2. Let k = 0,−1 and a1, a2, a3, b1, b2, b3 be integers with 0a1a2a3,
0b1b2b3, and a1b1. The equation
Mk(a1 , a2 , a3) = Mk(b1 , b2 , b3) (3.5)
only has trivial solutions, except for k = 1, where (a1, a2, a3) = (1, 3, 3), (b1, b2, b3) =
(2, 2, 2) is the only non-trivial solution.
Proof. We assume that (3.5) has a non-trivial solution. Then we arrange a1, a2, a3, b1,
b2, b3 as p, q, r, s, t, u, where
pqrs tu, if k > 0
and
pqrs tu, if k < 0.
This leads to
h(kp)h(kq)h(kr )h(ks )h(kt )h(ku)
H. Alzer, B. Fuglede / Journal of Number Theory 115 (2005) 284–294 291
and
p
k
p + qkq + rkr + sks + tkt + uku = 0, (3.6)
where each n is equal to +1 or −1, and each sign occurs three times. We may assume
that p = 1. Since {n}∞n=0 is strictly decreasing, we conclude that if u = −1, then
p = s = t = 1 and q = r = u = −1,
so that (3.6) yields
kp + ks + kt = kq + kr + ku. (3.7)
If k > 0 and p > q or if k < 0 and p < q, then (3.7) gives
h(kq) = min(h(kq), h(kr ), h(ks ), h(kt ), h(ku))h(−kq − kr + ks + kt − ku)
= h(kp) < h(kq).
This contradiction implies p = q, so that (3.7) reduces to
ks + kt = kr + ku,
which only has trivial solutions. Hence, u = 1. As above we get p = q. This yields
p = q = u = 1 and r = s = t = −1.
Since
h(kq) < h(
k
r )h(kr + ks + kt − ku) = h(kp + kq) = h(2kq) = 1 + h(kq),
we obtain
h(kr ) = 1 + h(kq) and kh(r ) = 1 + kh(q).
This leads to k = 1 and q = r + 1. Moreover, since
h(r ) = 1 + h(r+1) = h(r ) − h(r + 1),
we conclude that r is even. Let
 = p + q − r = 2r+1 − r =
r
r + 1r .
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Then
h() = h(r) + h(r ).
If r > s, then
h(s)h(r−1) = h
(
2r
2r − 1r
)
= 1 + h(r) + h(r ) > h(). (3.8)
On the other hand, we have  = s + t − u and h()h(s). This contradicts (3.8).
Hence, r = s. Let s > t . Since
− s = 2r+1 − 2r =
−1
r + 1r ,
we get
h(− s) = h(r ) = h(s) < h(t )h(t − u),
which is impossible since  − s = t − u. Thus, we have r = s = t . Moreover,
r = −1 and u = 1 imply that r > u. Eq. (3.6) can be written as
2r+1 − 3r + u = 0.
This gives
u = −2r+1 + 3r =
r + 2
r + 1r . (3.9)
Next, we assume (for a contradiction) that r − u > 1. Then we obtain
ru+2. (3.10)
Using (3.9) and (3.10) we get
r + 1
r + 2
u+2
u
= (2u + 1)(2u + 3)
(2u + 2)(2u + 4) . (3.11)
We have (u + 3)/(u + 4)(r + 1)/(r + 2), so that (3.11) yields
0 (2u + 1)(2u + 3)
(2u + 2)(2u + 4) −
u + 3
u + 4 =
−3(3u + 4)
4(u + 1)(u + 2)(u + 4) .
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Contradiction! Hence, u = r − 1. From (3.9) and the deﬁnition of r we obtain
r−1 =
r + 2
r + 1r and r−1 =
2r
2r − 1r .
This gives r = 2. Thus,
p = q = r + 1 = 3, r = s = t = 2, u = r − 1 = 1,
so that we get (a1, a2, a3) = (1, 3, 3) and (b1, b2, b3) = (2, 2, 2). 
Remarks. (1) It remains an open problem to determine all solutions of (3.5) in the
cases k = 0 and k = −1, respectively. If k = 0, then there are inﬁnitely many solutions.
In fact, for all integers n1 we have
M0(2n−1, 6n−1, 3n) = M0(2n, 6n−2, 3n−1).
We conjecture that (3.5) only has trivial solutions if k = −1.
(2) It is of interest to study equations involving power means of n variables,
Mk(a1 , . . . , an) = Ml(b1 , . . . , bn).
In particular, we ask for all solutions of the arithmetic mean-geometric mean equation
1
n
(a1 + · · · + an) = (b1 · · · bn)1/n.
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